Abstract. Two gains play key roles in recently developed MIMO wireless communication systems: "spatial diversity" gain and "spatial multiplexing" gain
Introduction
After the spark in communication leading to the popular and widely noticed Multiple-Input Multiple-Output communications, the idea of Multiple-Input Multiple-Output (MIMO) radar was also developed. Generally, MIMO radar can be categorized as systems with widely separated antennas or systems that use colocated antennas. In the colocated structure, the antennas are placed closely together [1] . On the other hand, in the case of widely separated antennas (WS-MIMO), multiple transmitters and multiple receivers that are widely separated are used. The studies show that widely separated antennas scheme can provide enhanced detection performance (diversity gain) [2] [3] [4] and high resolution target localization (spatial multiplexing gain) [5] , [6] .
In this paper, we focus on the MIMO radars with widely separated antennas. As shown in [7] , the concepts of spatial diversity and multiplexing gain emerge in this context in a dual manner to the MIMO communication. The main point is that, by looking at a target from different angles, the probability of missed detection decreases, a concept known as spatial diversity in MIMO communication. In [8] , it is shown that such diversity gain is available not only in the signal processing part but also in the data processing part. Indeed, the target's Radar Cross Section in MIMO radars plays the role of the communication channel in MIMO communication, that can fade resulting in missed detection.
In wireless communication systems, multiple antennas can be used to achieve diversity gain or multiplexing gain. In [9] , the authors proposed the point of view that both types of gains can be simultaneously obtained for a given multiple antenna channel, but there is a fundamental tradeoff between how much of each any coding scheme can get. Then, they introduce optimal diversity-multiplexing tradeoff (DMT) as a benchmark to compare the various space-time schemes. Since then, numerous papers were published on this topic in communication (e.g. see [10] [11] [12] [13] ).
According to the aforementioned dualities between a MIMO radar system and a MIMO wireless communication system, it is expected that such tradeoff exists in a MIMO radar, too. In [14] , it is stated that such tradeoff should exist and analyzing this tradeoff is considered as a long-term goal. Moreover, in [15] , irrespective of multiplexing gain, the interplay between transmit diversity and energy integration in a MIMO radar is studied for a Generalized Likelihood Ratio Test based detector, and it is shown that there is an inherent tradeoff between the number of transmit diversity paths and amount of energy integration along each path.
Before investigating such tradeoff, first, it is necessary to introduce the concepts of diversity and multiplexing gain in a MIMO radar. It has been shown in the MIMO radar literature that the diversity gain appears in the probability of missed detection [7] , similar to the MIMO communication where it appears in the error probability. Thus the diversity gain of a MIMO radar system can be defined as [16] DG = − lim SNR→∞ log P miss log SNR (1) where P miss is the probability of missed detection and DG denotes diversity gain.
On the other hand, in [7] , it is mentioned that the number of targets that can be handled simultaneously by a MIMO radar parallels the concept of spatial multiplexing in communications. Equivalently, this gain can be expressed in terms of the resolution capability of the MIMO radar. Indeed, exploiting the multiplexing gain, MIMO radars can locate targets with high resolution and can resolve between closely spaced targets [7] .
According to the mentioned subjects, in the following, our goal is to explore the tradeoff between the diversity gain that appears in the probability of missed detection, and the multiplexing gain that appears in the resolution capability of the MIMO radar with widely separated antennas.
The rest of the paper is organized as follows. Section 2 explains the signal model used throughout the paper. The diversity and multiplexing gains of the WS-MIMO radar are studied in Sec. 3 and 4, respectively. The tradeoff existing between these two gains is introduced and verified in Sec. 5. Section 6 is dedicated to the simulations and numerical experiments. Finally, Sec. 7 concludes the paper.
Signal Model
Consider a MIMO radar system with N I transmit antennas and N R receive antennas. Denoting the received signal at the r-th receiver by z r (t), the hypothesis test can be written as
where n r (t) and s i (t) are the r-th receiver noise and i-th transmit signal, respectively. In addition, α ri , τ ri and f d ri are complex envelope, delay and Doppler experienced by the signal on the i-th transmitter-target-r-th receiver path (or equivalently i − r link), respectively. Assuming a Swerling I model for the target, the amplitude of α ri has a Rayleigh distribution and its phase of α ri has a uniform distribution on [0, 2π). Thus, α ri ∼ CN (0, σ 2 ri I), with
where P i , G I i , λ i and I i are the i-th transmit power, antenna gain, signal's wavelength and i-th transmitter to the target distance, respectively. Also, G R r and R r are the r-th receive antenna gain and r-th receiver to the target distance, respectively. Moreover, σ 2 0 is the variance of target's Radar Cross Section (RCS). By defining
and then sampling the received signal we have
In the following, noise is assumed to be white with covariance matrix σ 2 n I. In addition, in our MIMO radar system with widely separated antennas, in order to obtain the amount of correlation between different RCS values viewed from different aspect angles, we assume the model proposed in [2] . There, for each pair of RCS values of α ir , α pq 1 ≤ i, p ≤ N I , 1 ≤ r, q ≤ N R , it is deduced that under certain conditions, which implicitly state that the antennas should be widely separated enough, α ir and α pq are uncorrelated, otherwise they are fully correlated. Finally, define
and
Diversity Gain and MIMO Detector
The Neyman-Pearson detector compares the likelihood ratio with a threshold value which is determined by the false alarm probability [17] . Thus, this ratio should be computed first. By observing the vector z which contains all receivers vectors, the H 0 and H 1 hypotheses can be obtained as follows
In order to achieve the detector structure, let x be the vector that its (r − 1)N I + i element is
where z r (t) is the r-th receiver's signal and τ ir denotes the delay that the i-th transmit signal, s i (t), experiences while being reflected by the target and received at the r-th receiver.
In addition, the vectors s ri and z r contain the samples of s i (t − τ ri ) and z r (t). Indeed, the elements of x are the outputs of the filters matched to the transmit signals at all receivers and have a size of (N I N R × 1). As shown in [2] , when noise and signal powers are known, x is sufficient statistics for detection. Moreover, it is assumed that the transmit signals are orthonormal to each other1, i.e.,
where E is the signal's energy and δ is the Dirichlet function. The Probability Density Function (PDF) of the received vector in the H 1 case can be written as 1This assumption is common in the WS-MIMO radar's literature, e.g. see [7] .
Now, the RCSs of N I N R different paths (or equivalently transmit-receive links) can be divided to ζ subsets, such that the RCSs in each subset are fully correlated with each other, but completely independent of the RCSs in other subsets. Let T m be the number of correlated links included in the m'th subset. So,
For H 0 hypothesis, the received vector contains noise only and
Subsequently, the loglikelihood ratio can be simplified as
Defining q m as
T will be a linear combination of q m s which have Chi square distribution. It is shown that the probability that a linear summation of Chi square random variables weighted with c i coefficients (i.e. W = p i=1 c i χ 2 (n i )) has the following Cumulative Distribution Function (CDF) [18] 
where
In our problem q m = | T m k=1
x mk | 2 has a Chi square distribution with two degrees of freedom (n i = 2), since all T m signals of the m'th subset are fully correlated. So,
After some calculation, diversity gain (or the slope of log P miss at high SNR values) is equal to ζ (i.e., the number of independent subsets constituted from the N I N R links). So,
Localization Accuracy and Multiplexing Gain
In this section, the multiplexing order is obtained. As mentioned before, the multiplexing gain is defined as the resolution capability. Moreover, the resolution is directly related to the localization accuracy [19] . Thus, we can deduce that improvement of this accuracy is proportional to the multiplexing gain. In the sequel, in order to find the localization accuracy, first, Geometric Dilution of Precision (GDOP), which is a criterion of localization accuracy, is computed. Then, multiplexing order is defined by GDOP.
The GDOP parameter, which is a representative of the localization error, is defined as [20] 
where σ R is the variance of the bistatic range and D is the transfer function obtained from
where θ θ θ = [x, y] T and τ τ τ contain the target's position in the Cartesian coordinates, and the received signals' delays due to such target, respectively. Also it is assumed that estimated delay is a Gaussian random variable with covariance matrix of
SNR 11 . . . SNR N I N R SNR 11 . . .
where SNR i j is the signal to noise ratio of the i-th transmitted signal that is received at the r-th receiver. Morever, ρ i j,i j represents the amount of normalized correlation between τ i j and τ i j .
As explained before, the multiplexing gain has a close relation to the localization accuracy. Thus, herein, we define the multiplexing gain as
whereSNR is the average of all SNR i j , 1 ≤ i ≤ N I , 1 ≤ j ≤ N R , and G = κ.GDOP −1 . Here, κ is chosen such that in the case of full diversity, the multiplexing gain equals one.
Optimal Tradeoff Between Diversity and Multiplexing Gain
In this section we investigate the tradeoff that may exist between the two MIMO gains of a WS-MIMO radar, i.e., the diversity gain and the multiplexing gain.
Consider a WS-MIMO radar system, in which N I N R number of RCS values are seen from different target's aspect angles. In Sec. 3, it was shown that the diversity order of such system equals to the number of independent subsets (ζ) constituted from the N I N R links. Moreover, the multiplexing order was defined in Sec. 4, using the localization precision of the MIMO system. Accordingly, the two following cases can be considered.
Consider a WS-MIMO radar system, in which N I N R number of RCS values are seen from different target's aspect angles. In Sec. 3, it was shown that the diversity order of such system equals to the number of independent subsets (ζ) constituted from the N I N R links. Moreover, the multiplexing order was defined in Sec. 4, using the localization precision of the MIMO system. It can be seen in (21) that if the number of independent subsets increases, Σ Σ Σ becomes more diagonal, which results in higher GDOP and subsequently less MG, according to (24). In summary, by increasing the number of independent subsets, DG increases and MG decreases. Subsequently, by decreasing the number of independent subsets, DG decreases and MG increases. This means that there is an obvious tradeoff between DG and MG. Accordingly, the two following cases can be considered.
-First, assume that the links in each of the ζ subsets are correlated (maybe partially correlated) with each other and uncorrelated (maybe partially independent) from the ones in another subset. In this case, the optimal diversity order which is ζ is gained, when the links in each subset are completely independent of the ones in another subset resulting in ζ number of completely independent subsets. Any other case results in less diversity gain.
-Next, assume the same case, i.e. the links in each of the ζ subsets are correlated (maybe partially correlated) with each other and uncorrelated (maybe partially independent) from the ones in another subset. In this case, the system reaches the optimal multiplexing gain when the links in each subset are fully correlated. Any other case, in which the links in a subset are not fully correlated, results in less multiplexing gain.
In this way, the optimal tradeoff can be inferred: for each pair of transmit-receive links, the corresponding target's RCSs should be completely independent or fully correlated. In such optimal case, the diversity order equals the number of independent subsets, i.e., ζ.
Simulations
In this part, we study the validity of the previous theoretical achievements through simulations.
Consider a MIMO radar system with three transmit antennas and three receive antennas that should be placed on the circumference of a circle with diameter of 10 km. Therefore, nine (3×3 = 9) different RCS values (or equivalently nine different signal links from the transmitters to the receivers) are seen at the receivers. If the corresponding pairs of transmitreceive antennas of two paths are separated enough in space, the resulted RCS values will be uncorrelated, otherwise fully correlated. As mentioned before, our chosen model for becoming uncorrelated is based on the conditions mentioned in [2] . The target is posited at the center of the circle and the transmitted signals have equal powers. Next, we examine the spatial MIMO gains for different configurations of the aforementioned antennas:
1. All six antennas are placed at the same position on the circle's circumference resulting in fully correlated links.
2. All six antennas are placed separately enough, so that all resulted RCS values are completely independent.
3. Two transmit antennas are placed at the same position and other antennas are placed separately enough, so that six subsets (with {2, 2, 2, 1, 1, 1} number of members in each one) can be constructed, that the links in each subset are fully correlated with each other, but completely independent of the links of other subsets.
4. The three transmit antennas are placed at the same position, and other antennas are placed separately enough, so that three subsets (with {3, 3, 3} number of members in each one) can be constructed, that the links in each subset are fully correlated, but completely independent of others.
These configurations are shown in Fig. 1 . Figure 2 depicts the resulting probability of missed detection for these four configurations as a function of SNR. The resolution capability of each configuration, expressed in terms of GDOP, versus SNR can be seen in Fig. 3 . As expected, the second configuration results in maximum diversity gain. This fact can be seen in Fig. 2 , as the slope of its diagram has the largest value. Besides, the first configuration results in minimum diversity gain, as expected too.
In addition, as shown in Fig. 3 , the GDOP diagram's slope of the first configuration adopts the highest value and the slope of the second configuration adopts the lowest value, that verifies the previous theoretical results. In both figures of 2 and 3, the third and fourth configurations achieve diversity and multiplexing gains between the two previous extreme bounds.
Finally, consider a fifth scenario, in which two transmit antennas are placed near each other and other antennas are placed separately enough, such that the nine links can be subdivided into six subsets of {2, 2, 2, 1, 1, 1} members. The links in each subset are partially correlated with each other (not fully), but completely independent of others. In this case, the systems' multiplexing gain can be considered as the slope of the line corresponding to the 'case 5' in Fig. 3 . As expected, the multiplexing gain attained in this case is less than the gain of cases 1, 3, and 4. This simulation verifies the theoretical result previously obtained in Sec. 5. There, it was stated that in order to reach the optimal multiplexing gain, the links in a subset should be fully correlated.
In Fig. 4 , the diversity gain and multiplexing gain of all possible cases of a 3 × 3 WS-MIMO radar are shown according to (20) and (24). As can be seen, the dashed line represents the optimal diversity-multiplexing gain tradeoff, and the points below such line show the gains corresponding to non-optimal cases.
Conclusion
In this paper, we investigated the tradeoff between two key gains of a MIMO radar with widely separated antennas: spatial diversity gain and spatial multiplexing gain. In particular, we demonstrated that there is interplay between the improvement that appears in the probability of missed detection due to the diversity of target's RCS and the resolution capability of a MIMO radar as a representative of its multiplexing gain value. In addition, we obtained the optimal diversity-multiplexing tradeoff, in which the MIMO radar system reaches its best performance from the perspective of exploiting the MIMO gains. We showed that in order to achieve such optimal case, each pair of transmit-receive links should be completely independent or fully correlated. 
